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Abstract 
Three years ago, we introduced a new way to quantize the static Schwarzschild black 
hole(SSBH), there the SSBH was first treated as  a single periodic Euclidean system and then the 
Bohr-Sommerfeld quantum condition of action was used to obtain a quantum theory of 
Schwarzschild black hole.[1] Now in this short report, we try to extend the above method to 
quantize the static de Sitter(SDS) space-time and establish a quantum theory of both SDS space 
and dark energy. 
 
 
The metric of Lorentzian SDS space-time reads  
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It is known there is a coordinate singularity at 1r H −= , which is just the position of event 
horizon of SDS. This coordinate singularity can be get ride by introducing a Kruskal-like 
coordinate as follows [2] 
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We see from equation (4 a, b) that the Kruskal-like Euclidean manifold has an imaginary 
period of 2T Hπ= . So a very important thing now we have is that the Euclidean Kruskal-like 
SDS  manifold can be looked upon as a single period 2T Hπ= system. Now let us try to apply 
the so-called Bohr-Sommerfeld action quantization principle to the Euclidean Kruskal-like de 
Sitter manifold. 
As is known, the action I , action variable vI pdq= ∫v  and the Hamiltonian H of any 
single periodic system should satisfied the relation [3] 
            vI I dt= − ∫vH                                                (5) 
and the Hamiltonian constraint  
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So equation (5) becomes                                            
vI I p dq= = ∫v                                                (6) 
Now according to the Bohr-Sommerfeld action quantization condition, we have  
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Let’s remember the contribution to I comes from two terms, i.e. the one is given by volume 
integral  
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the other is Gibbons-Hawking surface term 
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Calculation from expressions (8) and (9) gives respectively[4] 
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So the action I of Euclidean Kruskal-like SDS  manifold is  
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Expression (7) and (12) gives 
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Thus the Bohr-Sommerfeld action principle forced the cosmology constant Λ or SDS to take 
discrete value as shown by Expression (13). Now, if we define the dark energy density inside the 
DS space by [4] 
8
n
G
ρ
πΛ
Λ
=                                                      (14) 
then the total dark energy inside the cosmological event horizon of certain SDS universe 
should as follows[4] 
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The ground state dark energy of any SDS is then  
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which is the temperature of dark energy in the ground state of SDS space. According to 
Everett’s interpretation of quantum mechanics, the quantum cosmology may lead to a multiplicity 
of realities. So the cosmology wave function will provide many 4O bubbles with different 
cosmological constant Λ , which should be quantized in our quantization scheme as given by 
(15). It seems a foam-like sea of quantum  4O  bubbles or network of 4O topology. may existed 
in the very early universe. Their ground state as a whole will form a very high temperature 
background of dark energy in our very early universe.  
 At last, we arrive at the following conclusion. The dark matter may be just the relics of 
primordial small black hole of life-time not longer than that of our universe [5]. The dark energy 
may be just the relics or ground state of quantum 4O  bubbles in the very early universe.   
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